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???????????????
A Di®erential Game Model
of Polluting Oligopoly
??????? ?
This paper formulates a di®erential game model of polluting oligopoly
to compare the steady state in cooperative, open-loop and feedback
solutions, and prove the following ranking. The steady state pollution
stock is largest under the linear feedback strategy, second largest under
the open-loop strategy, third largest under the nonlinear feedback strategy,
and smallest under the cooperative solution. However, in the limiting
case where the discount rate approaches zero, the steady state with the
nonlinear feedback strategy coincides with the cooperative equilibrium.
Kenji Fujiwara
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????????????????? p = A ¡X;A > 0 ????????
?? p ????X ??????????????????????????
??c ¸ 0 ????????????????????????????? 1
???????????????????????????????????
???????????????
_Z = X ¡ kZ; k 2 [0; 1]:
??? Z ??????????????????k ???????????
???????????????????????????????????
?????? i ???? (A¡ c¡X)xi ¡ sZ2=2; s > 0 ?????????





















3) ???????????????????? r ????????????????
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Z(0) ???? t ???????
?????????????????????????????????





































dt subject to _Z = nx¡ kZ:
??? 1???????????????????????¸ ???????
??????????????? H = (A¡ c¡nx)x¡ sZ2=2+ ¸(nx¡ kZ)
?????????? 1???????????????
0 = A¡ c¡ 2nx+ n¸ (1)
_¸ = ¸(r + k) + sZ (2)
_Z = nx¡ kZ; (3)






?????????????????????????? ¸ ? Z ?????
???????????????????????????????????













¸F = ¡ s(A¡ c)
2k(r + k) + sn
< 0
ZF =
(r + k)(A¡ c)
2k(r + k) + sn
: (5)
??????? F ?????????????
??? ¸F ???????????????? ¸ ??????? t ???













Hi = (A¡ c¡X)xi ¡ sZ2=2 + ¸i(X ¡ kZ) ??????????????
???????????? 1???????????????
0 = A¡ c¡ (n+ 1)x+ ¸ (6)
_¸ = ¸(r + k) + sZ (7)
_Z = nx¡ kZ; (8)
?????? limt!1 e¡rt¸Z = 0?????????????????? x
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and Mino (1990), Shimomura (1991) ???????? Dockner and Long
(1993), Itaya and Shimomura (2001)??????????????????
???????6)
??????????????????????????????????















e¡r(s¡t)[A¡ c¡ xi ¡ (n¡ 1)x(Z)]xids j
_Z = xi + (n¡ 1)x(Z)¡ kZ; Z(t) : given
o
:
????????????????????????A¡ c¡ (n+ 1)x(Z) +
V 0(Z) = 0 ??????? V 0(Z) = (n + 1)x(Z) ¡ (A ¡ c) ???????
?????????????????????????????????? Z
???????????




??? Z ????????????? Z ????????????????
5) Cornes, Long and Shimomura (2001), Kemp, Long and Shimomura (2001),
Benchekroun and Long (2008) ??????????????????????????
6) ?????????????? (1997), ?? (2004) ??????????????????
?????????????????????????? (2004) ??????????
7) ??????????????? t ????????????????t ????????
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????? Z ????? x0(Z) ???????????????
x0(Z) =
(r + k)[(n+ 1)x(Z)¡ (A¡ c)] + sZ
2n2x(Z)¡ k(n+ 1)Z ¡ (n¡ 1)(A¡ c) : (12)
????????????? Z ????????????????????
???????????????????????????????????
???????? (12) ???????????? x(Z) ?????????
?????8)
??? (12) ?? 1?????????????????????????
? Z??????????? x ????????(12) ???????????
x0(Z) = 0 () x(Z) = (r + k)(A¡ c)¡ sZ
(r + k)(n+ 1)
x0(Z) =1() x(Z) = (n¡ 1)(A¡ c) + k(n+ 1)Z
2n2
:
????? 2?? x(Z) ????????????????????????
????? x0(Z) = 0 ?? x0(Z) = 1 ????????????? 2??
??????????? 4????????(12) ???????x0(Z) = 0
??x0(Z) = 1 ????????????? x0(Z) > 0?????????
?????????????? 4?????????????? 1????
????????????????????????? (12) ???????
?????????????????????? x0(Z) = 0 ?? x0(Z) =1





_Z = 0 () x = kZ
n
:
?????????? 2??????? _Z = 0 ?????????????
?????????? _Z = 0 ???????? _Z < 0 ??? Z ?????
?????????? Z ???????????????





















x(Z) ´ ®Z + ¯; (13)
????????????????? x0(Z) = ® ??????? (12) ???
????? (13) ??? (12) ???????????????
® =
(r + k)[(n+ 1)(®Z + ¯)¡ (A¡ c)] + sZ
2n2(®Z + ¯)¡ (n¡ 1)(A¡ c)¡ k(n+ 1)Z :
?????????? ® ? ¯ ???????? (13) ??????????
????????????????????????????????????
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[r + k ¡ (n¡ 1)®](A¡ c)
(n+ 1)(r + k)¡ 2n2® (15)
¢ ´ (n+ 1)2(r + 2k)2 + 8sn2 > 0: (16)
??? (14) ?????????????????????????????
?????????????????? ® < 0 ????? xL1 ??????
??? 2???????? ® > 0 ????????? xL2 ????????
???
(14), (15) ? (13) ?????????????????????????











4n2(r + k)¡ (n¡ 1)
h









4n2(r + k)¡ (n¡ 1)
h
(n+ 1)(r + 2k)¡p¢
io
(A¡ c)







= nx0(Z)¡ k · 0 () x0(Z) · k
n
:
???????????? _Z = 0 ???????????????????
??????????????????????????????????
????????????? 2???? xN ????Z ???? Z(0) ??
??????????xN ??????????? N ???????9)???
?????? ZN ???????????? xN ?? ZN ????????
??????????????
N ?????????? x0(Z) ? _Z = 0 ???? k=n ???????
? N ? _Z = 0 ??????? x(Z) = kZ=n ?????????????





(r + k)[(n+ 1) kZ
n
¡ (A¡ c)] + sZ
2n2 kZ
n
¡ k(n+ 1)Z ¡ (n¡ 1)(A¡ c) :
??? Z ????????N ???? Z = ZN ????????????
?????????
ZN =
(k + rn)(A¡ c)
k[2k + r(n+ 1)] + sn
: (18)
9) xN ?????????????????Itaya and Shimomura (2001), Rubio and Casino
(2002) ????????????????????????? Rowat (2007) ???????
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ZL > ZO > ZN ¸ ZF : (19)














??????????????????????? (n ¡ 1)k(r + k + sn)hp
¢¡ (n+ 1)(r + 2k)
i
> 0 ????? ZL > ZO ?????????




n(r + k) fk[2k + (n+ 1)r] + sng
(k + nr)[k(r + k)(n+ 1) + sn]
;
?????????????? k(n¡1)[k(r+k)+sn] > 0????? ZO > ZN




(k + nr)[2k(r + k) + sn]
(r + k) fk[2k + r(n+ 1)] + sng :
??????????????????? r(n¡ 1)[k(r + k) + sn] ¸ 0 ??





? r ????????? ZO ?????????????????????
???????????????????????????????????
??????????r ! 0 ?????????????????????
??????????????????
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